Laterally varying interfaces cause coupling between wavenumbers so that seismograms in two-dimensionally layered media can be synthesized by means of 'supermatrices', which include the coupled contributions of all the wavenumbers. We introduce reflection and transmission 'supennatrices' in order to eliminate numerical problems arising from loss of precision for evanescent waves in the seismogram synthesis. An interface is assumed to be such that the reflected and transmitted wavefields on its two sides can be represented as purely upgoing and downgoing waves, i.e. the Rayleigh ansatz is imposed. The computational demands of this method can be kept to a minimum by exploiting propagation invariants in the coupled wavenumber domain.
INTRODUCTION
A wide range of theoretical studies have being carried out over the last 20 years with the object of synthesizing seismograms in irregularly layered media. Many authors have tried to match the boundary conditions of irregular interfaces by superposition of the known solutions in a homogeneous layer. If the solution u ( x ) in an irregularly layered medium is represented as a linear combination of the homogeneous solutions $,(x), the matching of the boundary condition B ( u ) = 0 can be accomplished with 'the method of weighted residuals' (Finlayson 1972; Fletcher 1984 where w&) is a weighting function which samples the boundary condition on the interface S. The following functions are usually used for weighting:
wk(x) = 6 ( x -x k ) (collocation matching), = 4k(X) (Galerkin matching) .
(1.3) = aB/da, (least-squares matching),
From Huyghens' principle, the Green's functions for point-sources distributed on the interface are most appropriate as a trial function &,(x), and these are imposed in the Boundary Integral Equation Method (BIEM). Sbnchez-Sesma & Esquivel (1979) and Dravinski (1983) computed SH spectra scattered by an irregular interface with the collocation BIEM. Stinchez-Sesma, Herrera & AvilCs (1982) used the least-squares BIEM for the same problem. Campillo & Bouchon (1985) computed scattered excitation by a line-source with the finite Fourier expansion ('discrete wavenumber representation') of the Green's function and collocation matching. The Boundary Element Method (BEM) looks quite different from BIEM, but it is also based on a similar concept (Brebbia 1978) , and Kawase (1988) computed scattered P-SV-waves using BEM.
However, computation based on the use of the Green's functions is very complicated and time consuming. If we can synthesize seismograms by using only homogeneous plane waves, the computation would become simple and fast. Aki & Larner (1970) showed that this approach should be valid when we rely on the Rayleigh amatz, i.e. an upgoing wavefield can be neglected in the lowermost half-space of an irregularly layered medium. Because of coupling between wavenumbers caused by an irregular interface they considered all the wavenumbers together. To handle this coupling Koketsu (1987a) introduced 'superpropagators' (Haines 1988) , whose entries are the well-known singlewavenumber propagators, and extended Aki & Larner's formulation to multilayered media. A more complete development of this formulation appears in Koketsu (1987b) , including P-SV interactions. Later, Geli, Bard & Jullien (1988) and Horike (1988) independently discovered similar formulations. Axilrod & Ferguson (1990) reported that the CPU time required for the method of Campillo & Bouchon (1985) is approximately an order of magnitude greater than for this approach. The Boundary Element Method should also require a CPU time with the same order.
The propagator formulation for irregularly layered media is subjected to the class of numerical problems, which beset propagation techniques in horizontally layered media, especially loss of numerical precision for evanescent waves. Takenaka (1990) has shown how the reflection/transmission matrix approach of Kennett (1983) can be adapted to irregularly layered media. This procedure eliminates problems with evanescent waves, but requires a number of large-scale matrix inversions, which introduce a different range of numerical complications.
In this paper we will present an alternative formulation of the reflection/transmission matrix approach, which exploits the propagation invariants of Kennett, Koketsu & Haines (1990) to simplify the calculations. This new method will be called 'invariant embedding' based on the nomenclature in the review paper of Chin, Hedstrom & Thigpen (1984) . We demonstrate the superior numerical stability and computational efficiency of the invariant embedding technique compared with the propagator formulation using a variety of numerical examples. In order to provide a clear link to the reflection and transmission results the notation used is based on Kennett (1983) rather than that of Koketsu (1987a,b) .
IRREGULAR INTERFACES
We consider layered media with two-dimensionally varying interfaces. We take a Cartesian coordinate system ( x , y, z ) with z-axis taken positive downward, and assume that the free surface and interfaces vary in the x -z plane. Therefore the wavefield and media do not depend on the coordinate y.
We will assume a time dependence exp(iot), but will not normally represent the time variation explicitly.
In a homogeneous and isotropic layer having P-wave velocity a, S-wave velocity / 3 and density p , the displacement can be expressed as
in terms of P, S V and SH contributions (note that we locate u at the last element to isolate the SH contribution). When we take Fourier transforms with respect to x f(k, z) = I + -f ( x , z)e-'" dx, -m (2.1) has harmonic solutions in the k (horizontal wavenumber) domain
is a vertical wavenumber. We can then write general solutions with weighting factors Pu,D, S,,D and Hu.D as
We have a free choice of the scaling parameters E~, E~ and E~ in (2.5), because they affect only the physical meanings of the quantities Pu.D, Su,D and Hu,D (Kennett 1983, chapter 3) .
We define the upgoing and downgoing wave vectors as Hu,D exp (fivsz)lT (2.6) and insert (2.5) into the Fourier transform of (2.1). Then we have
where ( 0
Similarly, by using the stress-strain relation we find that ikEp TivsEs
where
The form of the matrices in (2.8) and (2.10) shows the decoupling between the P-SV-wavefield (Pu, D , Su,D) and the SH-wavefield (Hu,D) in homogeneous layers. We note that
To simplify the subsequent development we take 14) so that (2.13) is further reduced to an imaginary identity matrix.
Consider now layers A and B separated by an irregular interface with the shape controlled by (Fig. 1) . The boundary condition of welded contact at the interface z(x) requires the continuity of the displacement u[x, z(x)] and the traction ~( x , z(x)] across the interface. In terms of the wavenumber components we need
to be continuous to satisfy these two interface conditions. We assume that the wavefield on the two sides of the irregular interface can be represented by the homogeneous solutions (2.3). Then, inserting (2.7) into the displacement part of (2.16) and redefining the wave vectors to leave only x-independent terms, i.e.
On the other hand, by taking n = [n,(x), n,(x)lT as the unit normal to the interface, the traction can be derived from the stress as t(x, 2) = n,(x)r,(x, 2 ) + n,(x)r,(x, 2).
(2.20)
A n = In,, n,I
F i r e 1. An irregular interface between layers A and B. n is the unit normal to the interface.
Inserting this expression and (2.9) into the traction part of (2.16) we get
We note that
where h'=dh(x)/dx, and Kennett (1972) found that 1/(1+ h")ln is common to the traction forms in both layers A and B. Thus we can omit this factor from Nu.D(x, k) and x , but can be discretized by using a weighting scheme as in
( 1.3). For example, using collocation matching we get 
Configuration of a matrix, continuous supermatrix and discrete supermatrix. 
We now introduce the displacement-traction vector
By taking the Fourier transform of both sides of (2.34), we can write
where the supervector b(z,) is constructed from b(k, z0).
Thus the continuity relation (2.32) can be further simplified to bA(Z0) = bB(zO)* (2.37)
Consider finally that a homogeneous layer is bounded by two irregular interfaces at the levels L, and z2 ( P2, is a propagator supermatrix of a 'super propagator' (Haines 1988) for an irregularly layered medium. Koketsu (1987a,b) computed synthetic seismograms in a twodimensionally layered medium by using this super propagator. However, the form (2.39) includes the phase supermatrix holding the terms exp (+iv,z), which may grow exponentially when the wavefield is evanescent. This can (2.38)
A homogeneous layer lying between irregular interfaces at depths z, and 2,.
lead to numerical instability in case of high frequencies, low phase velocities or thick layers. In addition it is necessary to compute a full inverse of D . D is 8Ni x 8N, for P-SV-waves, or 4Ni x 4Nj for SH-waves (Ni,j = the number of wavenumbers ki,,). Such a large-scale matrix inversion may cause computational inaccuracy even if D is nearly blockdiagonal.
REFLECTION, TRANSMISSION A N D INVARIANTS
For horizontally layered media Kennett (1983) has shown that the exponentially growing terms can be avoided if we formulate the wavefield in terms of the reflection and transmission matrices rather than the propagators. Takenaka (1990) has recently extended this approach to irregularly layered media by direct analogy with the flat interface results of Kennett (1983) , but with substantially higher dimensionality.
Consider an incident downgoing wave from the layer A into the layer B through an irregular interface (Fig. 4a) where I and 0 are the identity and zero supermatrices.
Similarly, if we consider an incident upgoing wave from B into A (Fig. 4b) and define the supermatrices R , , T, as in (3.4) and (3.6) explicitly, and found that T, = M&SDDMDA, Takenaka (1990) solved the simultaneous linear equations
The calculation of Ru,D and Tu,D by the above formulation requires five matrix inversions, i.e. Mi;, M& ME;, MGb and (AUA-ADB)-'. Takenaka (1990) also found the explicit expressions for the continuous supermatrices Au,D(x, k), so then was able to reduce the number of matrix inversions, but, even in this case, three inversions still remain. Kennett et al. (1990) established a spatial propagation invariant for two elastic displacement fields u1 and u2 and their associated traction fields c1 and t2. This will be invariant for any surface spanning the x-y plane in a laterally heterogeneous and anisotropic medium. If we take the interface z ( x ) = r, + h ( x ) in a two-dimensionally layered medium as S, dS = (1 + h12)''' dr, so that (3.9) yields (3.10)
If we assume the interchangeability of integrals, we can note that
By using (3.11) and replacing the infinite integral with a finite sum ('a discrete wavenumber representation') we rewrite the invariant ( where N is a supermatrix made from N.
The operator #, which was first introduced by Haines (1988) , performs transposition of a supervector or supermatrix and switches the sign of the wavenumbers for their elements. All the supermatrices appearing in this paper have a partitioned form such as G' can be also partitioned after transposition with the operator # as (3.14)
When we define the Fourier transform as in (2.2) and discretize it with an equal interval A k , supervectors and the partitions of supermatrices have the forms illustrated in Fig.  5 (a). Since they include g ( -i A k ) and G ( -j A k , -i A k ) as well as g(iAk) and G ( i A k , j A k ) , we can construct g" and G* by just rearranging the elements of g and G . g" is the reflected image of gT about the line ki = 0. G" is that of G about the line ki + k, = O (Fig. Sb) , which is the alternate diagonal of G to the line ki = ki (the reflection line of GT).
Therefore, the operator # has similar characteristics to those of the transpose operator T:
(3.15)
These relations are valid not only for the partitions of supermatrices but also for supermatrices themselves.
In the previous section we have already established the upgoing and downgoing wavefields as u1 and u2 in an irregularly layered medium. Thus, from (2.36) and (3.1) we find that the supervectors of up and downgoing waves (3.16) work as b, and b2 in (3.12). We now construct some useful identities for solving (3.4) and (3.6) by means of the invariant (3.12) and the wavefields (3.16). Consider two surfaces S, and S , spanning the x-y plane close to an irregular interface at the level 2,. S, is a horizontal plane immediately above G, while S, is located on the S, side along the interface ( In a similar way from (2.13) and (2.14) we obtain another identity on S,: 
=VZ((BD, BU)*-(BD, BU).S,)vU=O.
Since ( which are very similar to (5.60) in his book.
The direct analogy with the results for horizontally layered media (Kennett 1983 , chapter 6 ) means that we can find the reflection and transmission supermatrices for a region (zA, zc) in terms of the supermatrices for the subregions (zA, zB) and (zB, zC): For example we consider the case of the homogeneous layer lying between irregular interfaces illustrated in Fig. 3 as a single element of an irregularly layered medium. We suppose the reflection and transmission supermatrices at zzare known and write e.g. RD(z2-). Since the reflection and transmission supermatrices in the homogeneous layer are simply given by R,=R,=O, T,=TU=E,, 12 (3.31)
where E E is a downgoing part of the phase supermatrix E(z2 -zl), we can express the reflection and transmission supermatrices at z,+ as
Ru(rl+) = E~R , ( z , -) E~, R,(z,+) = E:R,(Z,-)E~, T,(z,+) = T,(z,-)E~, Tu(zl+) = EL9,(z2-). (3.32)
The upgoing phase term exp (+ivcz) never appears in (3.32) so that the computation for Ru,D and T,,, does not suffer exponential overflows.
SEISMOGRAM SYNTHESIS
We may continue to exploit the analogies with the case of horizontally layered media to generate convenient forms for the displacement field which can be used to synthesize seismograms. Consider the two-dimensionally layered medium illustrated in Fig. 7 with a line source at depth z, and a uniform half-space beneath the lowermost interface at level zL. The surface displacement in the coupled wavenumber domain at level r, can be calculated using the analogue of (7.36) in Kennett (1983) . In terms of the reflection and transmission supermatrices for the regions above and below the source the displacement These quantities are best calculated in unnormalized form, and the normalization supermatrix E,, can be applied to give R = GIRE,,, w = Wk.
(4.4) The recursive application of the addition rules (3.29) allows us to calculate Ru,n and TU,D in the subregions (q,, zs) and (zs, I=), where an arbitrary number of layers may exist.
By means of (4.1) we can construct the response to a two-dimensionally layered medium in the transform domain, as a function of frequency w and wavenumber k. To get synthetic seismograms we numerically invert the transforms.
We now show a variety of numerical examples to demonstrate the superior performance of our new invariant embedding approach compared with the propagator technique (Koketsu 1987a,b where b = n(t -t,)/t,,, t, = 20 s and t, = 18.3 s.
The 'finite difference' solution was calculated using the scheme described by Yamanaka, Seo & Samano (1989) in the time domain, while the 'propagator' solution was calculated using the super propagators in (2.39) and the method developed by Koketsu (1987a) . The 'invariant embedding' approach makes use of our development in this paper. The three results agree well and it is difficult to detect any difference between the invariant embedding and propagator results. At later times the differences in the finite difference solutions arise from cumulative delays due to nhmerical dispersion. As pointed out by Bard & Bouchon (1980) , the two edges of the basin generate Love waves, which travel laterally and are reflected at the opposite slopes. These correspond to major later arrivals in the seismograms.
On the Fujitsu VP-100 of the ANU Supercomputer Facility, the calculations for Fig. 8 took 12 .68s for the invariant embedding method (IE), 16.95 s for the propagator technique (PR) and over 30min for the finite difference code (FD). Since computing performance should depend on the Fujitsu compiler and our coding capability, we kept the same coding style and took the same values for computation parameters, such as sampling numbers and discretizing intervals etc., between IE and PR as far as possible (see Table 1 ). All the FFTs and matrix inversions were carried out using vector-oriented subroutines supplied by Fu jitsu. FD shows poor performance partly because of the low vectorization of its codes (compare the W U time to the CPU time on Table 2 ).
The VP-100 is running under an MVS/XA-compatible operating system, which supports extended memory above the 16 Mbytes boundary of basic memory. IE occupied basic memory of 340Kbytes (KB) plus extended memory of 604KB. These values are 18 per cent less than the total memory occupation of PR, and 70 per cent less than that of ED. The speed and memory advantages of the invariant embedding approach derive from the simplification of the large-scale matrix algebra in single interface problems.
The benefits of the invariant embedding technique are even more significant for P-SV-wave calculations in Fig. 9 . Here the same basin and half-space as in Fig. 8 are separated by the interface
where D = 0 km, C = 1 km and w = 10 km. This is a test Bard & Bouchon (1980) . Fig. 9 displays the vertical component seismograms on the free surface calculated by IE and PR with a common incident Ricker wavelet of tp = 5 s and t, = 2.8 s. The PR calculation was carried out using the method of Koketsu (1987b) . For this example IE is 45 per cent faster and takes 29 per cent smaller memory than PR.
In Fig. 9 we can again observe the lateral propagation of surface waves, but they are Rayleigh waves rather than Love waves in Fig. 8 . When we look at the seismograms carefully, small differences can be found between both the results, especially in the later portions of the seismograms at distances of 0 km and 2.4 km. In the construction of the IE and PR seismograms truncation error is introduced in slightly different ways and this leads to the discrepancies in the forms of the seismograms. In Section 2 we have replaced the infinite integrals with finite sums in order to we then take larger wavenumbers into the calculations of Fig. 9 , but the displayed seismograms are calculated including larger wavenumbers than those in Fig. 9 . calculated y-component surface displacements with the same incident wavelet as in Fig. 8 , and again found that the IE and PR results displayed in Fig. 11 which are more complicated than the single supermatrix multiplication needed for the propagator technique. The extra computation is such that the IE method may lose its speed advantage if a medium has more than ten interfaces or so. However, it should hold the memory advantage even in such a case. Secondly, we have had to impose the Rayleigh ansatz on every interface, while the propagator approach applies the ansatz only to the lowermost interface. The propagator treatment for the interfacial boundary condition is exact except for discretizing and truncation errors, and only the radiation conditions are based on the Rayleigh ansatz. Koketsu (1987a) suggested that this requirement can be avoided by introducing a dummy layer, but from (3.31) we known a uniform layer causes just a phase shift, and so his suggestion is not correct. In the invariant embedding formulation the unsatz is unavoidable on every interface.
However, we have shown good agreement for SH-waves between the invariant embedding results and those by the finite difference method, which does not involve the Rayleigh ansatz. Thus any error due to the application of the ansatz at each interface is small. This Rayleigh ansutz error is potentially serious in theory, but truncation errors also raise significant problems. If we include large wavenumbers in order to avoid the truncation errors, the numerical instability problems are more severe in the propagator technique. As a result the propagator computation may well break down before the cumulative effects of the Rayleigh ansatz error have begun to influence the invariant embedding results. Similar problems were discussed by Axilrod & Ferguson (1990) .
If we would like to avoid the Rayleigh ansatz error completely, we have to adopt the Green's function as a trial function instead of a plane wave. Since this results in an extremely long CPU time (see Axilrod & Ferguson 1990) , it is preferable that we use the Green's functions only at steep interfaces, and plane waves are still taken at other moderate interfaces. This hybrid approach will soon appear in Takenaka, Koketsu & Kennett (1991, in preparation) . expression of (4.1) for the surface displacement instead of (4.5). The line force is set at 5 km depth in a low-velocity layer (fl= 2.0 km s-I, p = 2.3 g ~m -~) lying above a half-space (B = 3.5 km s-l, p = 2.8 g cm-'). The interface is represented by (4.8) with D =5.5km, C = -2.5 km and w = 50 km. This structure is almost the same as in the test case introduced by Koketsu (1987a) , though he wrongly presented the parameters of the interface shape as D = 3 km and C=2.5km. However, the S-wave velocity of the half-space is reduced slightly from 3.6 kms-' to avoid a mysterious interruption of the execution of the FD codes. In order to demonstrate numerical stability of our new approach for large wavenumbers, we adopt a smaller value for Ax than Koketsu (1987a) . (4.7) is used as a source time function with ts = 2 s and tp = 1.83 s.
The surface seismograms are displayed in Fig. 13 with a reduction velocity of 3.5 km s-'. The IE result agrees well to Koketsu's (1987a) one as well as to the FD seismograms, while the PR result is contaminated by a long-period noise due to numerical instability in evanescence. A head wave arrives at the times indicated by arrows, but its amplitude in the FD seismograms is somewhat smaller than in the IE seismograms. The reason for this may be that numerical parameters using the FD calculation are not quite appropriate for waves generated by an interface. The speed and memory advantages of the IE for this example are as good as in the P-SV single-interface problem (Table 2) .
DISCUSSION
We have already shown the merits of the new invariant embedding approach in the previous section, and so we now discuss its limitations.
Firstly, the addition rules for the reflection and transmission supermatrices (3.29) require a supermatrix inversion as well as a number of matrix multiplications,
